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Abstract 

We consider some aspects of classical S-duality transformations 
in first order actions taken into account the general covariance of 
the Dirac algorithm and the transformation properties of the Dirac 
bracket. By classical S-Duality transformations we mean a field redef- 
inition that interchanges the equations of motion and its associated 
Bianchi identities. By working from a first order variational princi- 
ple and performing the corresponding Dirac analysis we find that the 
standard electro-magnetic duality can be reformulated as a canonical 
local transformation. The reduction from this phase space to the orig- 
inal phase space variables coincides with the well known result about 
duality as a canonical non local transformation. We have also applied 
our ideas to the bosonic string. These Dualities are not canonical 
transformations for the Dirac bracket and relate actions with different 
kinetic terms in the reduced space. 

1 Introduction 

The word "Duality" is ubiquitous in recent literature about string 
theory but as is well known duality transformations have its origin in 
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Statistical Mechanics and Conformal Field Theories as a consequence 
of locality and associativity of the operator product expansion. In this 
sense they are symmetries of some partition functions or symmetries 
of the spectra in some quantum field theories, but the analysis of to 
what extent or in what sense are these transformations also symme- 
tries of the underlaying variational principle (when we have one at 
hand) is less understood. Within the context of Statistical Mechanics 
the idea of duality transformation relates a system described by a 
Hamiltonian in different coupling regimen. An important application 
of this idea was the determination of the exact temperature at which 
the phase transition of two-dimensional Ising model takes place. The 
key point here is that the two models are related by a field redefini- 
tion between the spin variables, the link variables associated with the 
corresponding lattice and the new dual spin variables in the so called 
Dual lattice. 

Another interesting application of the idea of duality transforma- 
tion in field theory is the celebrated duality between the Sine-Gordon 
and Thirring model in 1+1 dimensions. Here the interesting point 
is that perturbative solutions of one model are nonperturbative so- 
lutions of the other model. From the point of view of symmetry 
mappings (transformations that leave the solution space of a given 
variational principle invariant) these type of transformations are also 
symmetries in the sense that map the space of solutions of a given 
problem into itself. Indeed, these transformations connect solutions 
from the weak coupling regime to the strong coupling one. These type 
of transformations are called S-duality which consist in a (conjectural) 
symmetry relating the strong coupling regime of one theory with the 
weak coupling limit of the same or other theory. These S-dualities are 
generalizations of the original conjecture by Montonen and Olive 

The non-abelian S-duality case is also very interesting. As an 
example, consider the principal chiral model with group SU(2). In 
this case it is also possible to construct a canonical map of this model 
to a theory which turns out to be the non abelian dual with respect 
to the left action of the whole group IU El • Here also the canonical 
mapping is performed at the level of the reduced space (namely we 
solve the constraint and then map the original system to the new one) . 

In string theory and 2-dimensional conformal field theory, dual- 
ity is an important tool to show the equivalence of different geome- 
tries and/or topologies jSJ. In this context duality transformations 
were first described in the context of toroidal compactifications, also 
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known as T-Duality maps (see for example [7] and references therein). 
For the simplest case of a single compactified dimension of radius R, 
the spectra of the interacting theory is left unchanged under the re- 
placement R — > a' I R provided one also transform the dilaton field 
(f> — > (f> — log(i?/v / o') in the effective string action. This simple case 
can be generalized to arbitrary toroidal compactifications described 
by a constant metric gij and antisymmetric tensor Bij. 

The aim of this letter is twofold. From one hand to consider the 
S-duality transformation as a mapping between two classical theories. 
We will analyze the case were this map is a symmetry of the equations 
of motion but in general is not a symmetry of the associated variational 
principle. Starting from S-duality as a field redefinition (that can be 
non local), i.e., a transformation that map a given theory to a new 
one with the same physical content but using different "names" for its 
description at a classical level (but that could produce different physics 
at quantum level) we will answer the question of to what extent or 
in what sense are this duality map a symmetry of a given variational 
principle. 

From the other hand we want to analyze the problem of how a 
canonical non-local transformation that is a symmetry of the equations 
of motion can be reformulated in a bigger space (with some auxiliary 
fields added) ciS 3j canonical local transformation. 

In section 2 we will review the basic arguments to implement this 
duality as non local canonical transformation and discuss why these 
symmetries can not be implemented as symmetries of the variational 
principle without solving the constraints. In Section 3 we will review 
the effects that such transformations produce in the Dirac constraint 
analysis and in particular in the Dirac Bracket. In Section 4 we will 
present an interesting example by formulating the bosonic string ac- 
tion as a first order variational principle and show the general trans- 
formation properties of the system under the analog of these S-Duality 
transformations. Section 5 is devoted to conclusions and perspectives. 
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2 Duality as a symmetry of the first 
order variational principle 



S = ~— I d 2n xF^ n F^ - F^d^A^. (1) 



As a warm up consider the first order action in 2n dimensions denned 
by 

l 

2n 

Here F and A are independent variables. That this action and the 
original source free Maxwell action in 2n dimensions are equivalent is 
a consequence of the fact that F are auxiliary fields in the action (^Q). 
The definition of the field strength in terms of the (n — 1)— form A is 

The equations of motion that follow from the action Q are 

a wFW ...Mn = Q> _ d^A^...^ = 0. (2) 

We want to consider the behavior of the action and the equations of 
motion under the transformation 

F — ► *F, A^A. (3) 

The dual of the field F is defined by 

*p/^i..../i„ e .A*i."A t »A e n+l— -Man f? ( A\ 

where e is the Levi-Civita symbol with e 2n = 1 in 2n dimensions. 
Taking into account that double duality has the property t 8j 

**F = F, n = 2k + l, **F = —F, n = 2k, (5) 

and that 

F 2 = -*F 2 , (6) 

is valid in all dimensions, the new transformed (or redefined) action 
is 

Q„ — / rl 2n T ( — F PWM2-Mn ^_ fix fi 2 ■■■ V2n Z? f) A 

°D — On I \ ^/"l/^— Mn | fc r /l n + 1 ....tl2n U ^l^ l ^2-^n / ' 

— III \ II. 

(7) 

where we have used the transformation Q and the relation ©. The 
equations of motion that follow from this Dual action are 

(8) 
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Is the transformation © a symmetry of the first order action 
We observe that if we use the second equation of motion in (jSJ) and 
substitute it on the first equation in © the resulting equations of 
motion are the Maxwell equations in 2n dimensions. The same is true 
for the equations of motion of the original action Q • We conclude that 
in the configuration space (the space defined by A) the two actions 
have the same equations of motion. Nevertheless the first order actions 
and its first order equations of motion are quite different. They define 
different symplectic structures and as a consequence they differ by 
a non-canonical transformation (the field redefinition ©). In phase 
space, upon the elimination of the auxiliary variables F by means 
of its own equations of motion, we recover the well known S-duality 
implemented as a non-local canonical transformation [9 . 

After reviewing some basic facts about the behavior of the Dirac 
algorithm and the Dirac Bracket under field redefinitions we will show 
that in the phase space defined by the variables A, F, tta, where 
tta and 7Tf are the conjugate momenta to A and F respectively, the 
transformation © can be implemented as a local canonical transfor- 
mation. 

3 Dirac formalism and Field Redefini- 
tions 

3.1 Dirac algorithm 

We will review here some ideas about the behavior of the Dirac algo- 
rithm under canonical transformations. 

Consider and extended first order Lagrangian in (^-dimensions whose 
extended action is (for details see [TU] ) 

S E = J d d x (<M - H e (<f>, tt) - \ a la {^ vr) - X a Xa ^, nj) , (9) 

where (p(x) are some fields that define the theory and ir(x) its asso- 
ciated momenta. H c is the canonical Hamiltonian and 7 a ~ and 
Xa ~ are the first class constraints and the second class constraints 
respectively. A a and X a are Lagrange multipliers. The extended ac- 
tion has been obtained after performing a complete Dirac analysis of 
the theory. We suppose that the theory is consistent and regular and 
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that there are no more constraints that the ones that we have written 
in the extended variational principle. 
The Poisson structure is 

{<t>{x)^{y)} = 5{x-y), (10) 

and the associated Dirac bracket 

{A(x),B(y)}* = {A(x),B(y)}- j ^{^^a^jC^^OIx^^)^^)}, 

(11) 

where 

c a p(x,y) = {xa(x),xp(y)}, (12) 

and C a @ denotes the inverse of the matrix C a p. 
The algebra of constraints is 1 

{la(x)^ b (y)} = j dzC° b (x,y,z)j c (z), (13) 

{la(x),Xa(y)} = j dz (C b aa (x,y,z)j b (z) + C^ a (x,y,z) X p(z)) , (14) 

{H c , la {x)} = J dyV*{x,y) lb {y), (15) 

{H c , Xa (x)} = J dy (V°(x,yh a (y) + V£(x,y)xf3(y)) ■ (16) 

Now suppose that we implement the canonical transformation given 
by 

0^$(0,7T), 7T^n(<M- (17) 

In general, such transformation will change the structure functions of 
the algebra of constraints and/or the structure of the Dirac algorithm. 
It could change also the functional structure of the constraints. Under 
general assumptions (regularity conditions) the constraint surface will 
change to another surface with the same geometrical content, i.e, it 
is described by the same number of first and second class constraints. 
So the rank of the matrix formed by the Poisson brackets of all the 
constraints between themselves, remain constant under the canonical 
transformation. We will suppose here that this is the case. It is worth 
noticing that the canonical transformation is defined for the standard 
symplectic structure (jlOj) . Then we expect that, in general, the Dirac 

Up to terms quadratic in second class constraints. 
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bracket will be modified by the transformation. An observation 
that will be of relevance in what follows is that such canonical trans- 
formation in phase space in not canonical with respect to the Dirac 
bracket This is precisely the trick used to construct a "canoni- 

cal representation of the constraint surface" [II] where the first class 
constraints are realized as a subset of momenta and the second class 
constraints as a proper subset of fields and its associated momenta. 
In these coordinates the Dirac bracket takes the standard form of an 
ordinary Poisson structure in Darboux coordinates. 

Under the canonical transformation (|17|) the new Dirac bracket 
will take the form 

{A(x),B(y)}^ u) = {A(x),B(y)} {9tn) 
- j «{A(x) ) X a ( 77 )} ($) n ) C^(r 7 ,e){^(e) ! B( 2 /)} ($)n) , (18) 

where all the Poisson brackets are calculated with respect to the new 
variables $,11. The new constraints X a ir), H((f>, vr)) = x a {4'^' K ) 
and C a p are defined by 

Cap(x,y) = {X<*(x),xP(y)} { z >u) . (19) 

In particular a regular field redefinition <j> — > $>(<j>) can always be ex- 
tended to a canonical transformation ^2]. The canonical transforma- 
tion associated with this field redefinition is generated by a type 2 
generating function given by F<i = F((f))H 

SFo 5Fo 

= wk' * w = MM' (20) 

After the implementation of the second class constraints, by solving 
them, we arrive to a partially reduced variational principle with the 
general structure 

s R = j d d x£ r e r (0 - H R (0 - X a la(0, (21) 

where £ r (x) denotes the remaining fields and momenta that are the 
coordinates of the reduced space. The reduced Dirac bracket is the 
inverse of the symplectic structure defined by the first order action 

m 

{A(x),B(y)}* R = a* R (x,y), (22) 
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where 

5l s {x) 5£ r (y) 

Vrs{x > y) = W¥)~wwr (23) 

and 77 _1 (x,y) = a R (x,y). 

3.2 Dirac Bracket and Field redefinitions 

Consider a general Poisson structure denned by the bracket 

{ A (z),B(z)} = —o«\z)— b , (24) 

in a n-dimensional space defined by the variables z a , a = 1, 2...n. Now, 
lets perform a "field redefinition" given by 

z a = Z a (z), (25) 

where the functions Z a are independent and regular so the inverse 
transformation exist and is also regular. The redefined bracket is 

{A(Z),B(Z)} = — — a (z)^^, (26) 
where A(Z) = A(z(Z)) and the same for B. Define 

E-(Z) s B ^(z)%, (27) 

so the tensor a ab transform as a second rank tensor. This definition 
is natural if we observe that {Z a ,Z b }z = S afe (Z). In practice we 
calculate the function in the right of Q27|) and read out the result with 
a simple rename of the variable z for Z. Then the new bracket in the 
variables Z is 

{A{Z),B{Z)} = ^\Z)— b . (28) 

Now we will apply this transformation rule to the case of the Dirac 
Bracket. The Dirac Bracket can be written as 

{M*),B{*)Y = ^* a6 (*)f^> ( 29 ) 



where 



a* a \z) = a a \z) - a ac (z)^0^C^(z)^0^a d \z). (30) 
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Here Xa( z ) = are the set of second class constraints and the matrix 
C a(3 is defined by (TT3I) . 

Then the transformed Dirac bracket is 

{A(Z),B(Z)} = ^ ab (Z)— bJ (31) 



where 



r)7 c r)7^ 

^ Cd w = h a * ab{z) w^> (32) 
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or in terms of the Poisson structure of the base space £ 

£* afe (Z) = Z ab (Z) - S ac (Z) dXo £p C aP (Z) dX d gP Z db (Z), (33) 

where X a (Z) = Xa(z(Z)) and 

dX a (Z) b dXp(Z) 
C a p{Z)- Qza S (Z) ^ . (34) 

C"' 3 is the inverse of C Q( g. In particular if the field redefinition (|25|) is 
a canonical transformation for the original bracket then 

Y> ab = a ab . (35) 

In this case C a p(z) = C a p{Z). It is clear that this canonical transfor- 
mation is not a canonical transformation for the Dirac bracket 1)24(1 . 
Indeed, from a ab = S ab we can not deduce that a* = £*. 



4 First order Maxwell action 

In this section we will apply the ideas of the previous sections to the 
first order action Q in d = 4. Lets start from the first order action 

S (F, A) = ^j d A x (~F 2 - F^d^A v] ), (36) 

where 5 is the coupling constant. This action can be rewritten as 

S (F, A) = ± j d 4 x (-F 0i Ai + l -F 2 - F^d^Aj] - F 0i diA ). (37) 

The Lagrangian action in phase space is 

S (F^, A», if, tt m ) = J d A x (t^A" + F^tt^ - H c ), (38) 



where 

H c = l^p{-\F 2 + F l °d {l A 3] + F^Ao), (39) 

is the canonical Hamiltonian. 
The first class constraints are 

7o = vr , 7 = <9Vi, (40) 

and the second class constraints 

Xi(i) = m, X2(ij) = Kij, X3(j) = + J^2 F ° J i ( 41 ) 

where 

XA {k i) = F k i - d [k A iy (42) 

The number of first class constraints is 2 and for the second class is 
12, so the number of degrees of freedom is 2 as expected. 
The Dirac brackets that are different from zero are 

-2g 2 5 [ ^8(x-y), (43) 
2g 2 5lS(x-y), (44) 
%8(x-y), (45) 

5 [ ^5(x - y). (46) 

The reduction, by solving the second class constraints, is straight- 
forward and the result is the standard Maxwell action in phase space. 
The reduced Dirac bracket coincides with the standard bracket associ- 
ated to the Darboux symplectic structure of the phase space defined by 
A^ and its momenta ir^. Another reduction is also possible to recover 
the first order variational principle (|36|) . This reduction is performed 
by the elimination of the canonical momenta using the equations of 
motion for the Lagrangian multipliers and the momenta. The relevant 
reduced Dirac bracket is 

{A\x), F oj (y)}* R = 2g 2 5}5(x - y), (47) 

as expected from the analysis of the previous section. 

Now lets consider the Dual theory. This theory can be obtained 
from the previous one by performing the field redefinition 

F^F=-^*F, A^g 2 A, (48) 



{FV(x),F 0k (y)}* = 

{A\x),F 0k (y)}* = 

{A»{x),* v {y)Y = 

{F^(x),7r k (y)r = 
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The dual theory is 



S D (^, A") = 9 - J d*x (-F 2 + s a ^^ w d [a A p] ). (49) 

By extending the point transformation Q48|) to all phase space as a 
canonical transformation with respect to the standard Poisson bracket 
we find that the required transformation is generated by 

F 2 (F tlu ,A fl ,U^U^) =\J d 3 x(hl^e^ ap F°P + (50) 



Explicitly the canonical transformation is given by 

5F 2 5F 2 



SAP ' ^ SF» V 



(51) 



or 



5Fo 5Fo 
A m = ^ ; J*» = lp-, (52) 



*9 ^9 

A» = \a», ^ = \n", (53) 
9 9 

where £ fMUrTp £ f j 1 uap = —4! and H p ,U fll/ are the momenta associated to 
the configuration variables A^, Tp V . In the following we will consider 
the new theory in terms of the variables A^,^^. This is the theory 
that we call the dual theory. The mapping of the constraint surface 
is 

r = n°, r = d l u i , (54) 



and the new second class constraints are 



,2 



— ^2(i) — Hoi, X 3 ^ = Hi — ^-E i kiJ-' kl , (55) 

and 

X 4(fc) =J r0k_ l £ Vk d[ . Aj] (56) 

Of course all these constraints can be obtained from the Dual action 
(|49jl by performing systematically the Dirac analysis. As a conse- 
quence of the deformation of the second class constraint surface the 
Dirac bracket changes. 
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The dual Dirac brackets different from zero are 



{Ai(x 




= 5{5{x-y), 


(57) 


{A\x), 


F 3k {y)Y D 


= ^ k 5(x-y), 


(58) 








(59) 






= -ei k jd j S(x - y). 


(60) 



Notice that the Dual Dirac bracket is different from the Dirac 
bracket of the original theory. This will imply that the reduced the- 
ories will be related by a non-canonical transformation. To see it in 
detail lets reduce the Dual theory by enforcing the second class con- 
straints and solving them in such a way that the remaining variables 
will be F and A. The resulting reduced action is 

S D = j d 4 x i - \f 2 - e ijk F^d {i A 3] - e ijk F^d k A ), (61) 

that correspond to the Dual first order action calculated directly from 
(|49[) using the field redefinition (|53|) that correspond to a non-canonical 
transformation. So, the canonical transformation in phase space projects, 
after the reduction, into a non-canonical transformation in the reduced 
space. The relevant reduced bracket is now 

{A i (x),F jk (y)Y R = e ijk 5(x-y), (62) 

that coincides with the one obtained from the reduced Dual first order 
action using 1)61(1 . 

The original action Sq and the Dual action Sd gives the same 
equations of motion in the configuration space defined by A but their 
equations of motion are different in the space defined by F and A as 
we have advanced at the end of section 2. 

As in the original action we can also reduce the Dual action by solv- 
ing the second class constraints for the variables A and its conjugate 
momenta. In that case we recover the analysis of ,9, and the Duality 
transformation is canonical and non-local. To see this consider the 
generator Fi defined in (|5U|) and project it over the constraint surface. 
The canonical generator is then 

F 1 {A,A) = J d 3 xe ijk P k (A)A i = J d 3 xT 0i {A)A i = J d 3 xe ijk d {j A k] Ai, 

(63) 
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which coincides with the generator used to construct the canonical 
non-local Dual transformation in [5]. This transformation is 

n i = ^- = £ ijk djA k , IT = -^4 = e ljk d,A k . (64) 
8A l SA l J K 1 

The remaining first class constraints are 

7o = A 7 = 3V 4 = ^d^\A) = d i£ijk P k {A) = 0, (65) 
for the original theory and 

r = n°, r = d'e^P^k) = a^ 0i (A) = ^' fc %A fc] = o, (66) 

for the dual theory. So the Gauss law transform from the electric 
to the magnetic case, as expected and the reduction imply that the 
duality can only be implemented as a symmetry on-shell. 

5 First order Bosonic String action 

In this section we will apply our ideas to the bosonic string in D 
dimensions. The Polyakov action is 

So = ! J d 2 a(V^ll ab K b + b), (67) 

where 7^ is the intrinsic metric 

hob = G^d a x»d b x u , (68) 
and the Kalb-Ramond NS-NS B field is defined through 

b = e ab B^d a x»d b x v . (69) 

Here G^ u is the space time metric. We define a first order action 
equivalent to the Polyakov action by 

S = J (Pai^^hab + b), (70) 

where 

K b = G^{-±V<?V h v + V»d b x»), (71) 
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and 

b = tftB^-^VfV? + Vfdbx"), (72) 

where Va are auxiliary fields. Notice that the intrinsic geometry is 
not changed in the first order action. This imply that the symmetries 
of this first order action associated to the intrinsic geometry are the 
same as in the original Polyakov action (|67|) . In particular 

ha b = edciab + i ac d c e + j bc d c e, (73) 

for diffeomorphisms in the world sheet and 

lab = ^lab, (74) 

for the Weyl invariance. The space-time diffeomorphism invariance 
are easily extended to the first order action by 

6x* = ed c x*, 5V£ = d a (eVH- (75) 

To show the classical equivalence between the action (|7U[) and the 
Polyakov action 1)6 7|) lets calculate the equation of motion associated 
with the auxiliary fields Va 

' )L ^b G ^ +£ ab B ^ ){dbX ,_^ vn=0 _ (76) 



From here we have 

V^ = Td a x». (77) 

Using this equation to eliminate Va from (|7U|) we obtain the original 
Polyakov action (|67jl as desired. 

Now, to construct the dual theory we start from the field redefini- 
tion 

e^dtX^iG^^l^ + B^d^. (78) 
To extend this symmetry to the first order action we define 

ttf = \yH- (79) 

We will call the transformation (|78|) and (|79|) a duality transformation. 
The dual first order action is then 



S D 



J d 2 a(V^J ab h° b + b D ), (80) 
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where 



and 



h% = \Gp,U£UZ, (81) 

b D = If^B^UgUZ ~ UZe ab d b X^ (82) 
The equation of motion for the auxiliary field Ua is 

s /=yf>U% + e ab U^B^ - e ab d b X^ (83) 



SU2 
which imply 

Etf = L^-jL= 7ab e bc d c X v + M^daXu ■ (84) 

By the elimination of the auxiliary field from the dual first order 
action we obtain the dual Polyakov action given by 

S D = J d 2 a(^ 7 ab h ab + b), (85) 

where 

Kb = L^d a X^d b X„, b = e ab M^d a X^8 b X u , (86) 

and L = (G - BG~ l B)~ l , M = (B - gB~ 1 G)~ 1 are the space time 
metric and the Kalb-Ramond antisymmetric field respectively. For 
future reference the inverse of the duality transformation is given by 

£ ab d b x^ = {V w y /^f b + M» u e ab )d b X v . (87) 

With the duality transformation defined we proceed now to develop 
the Dirac formalism associated to the first order action Q7U|) . As the 
intrinsic geometry of the string is not changed under the duality trans- 
formation ()78I79|) we can take the conformal gauge ^ ab = r] ab , without 
loss of generality. In this gauge the constraints of the original theory 
can be written as 



\sab 
> 

1 



SPGrVfV? = 0, 



srG^vfvz = o, 



2 

2"' 

Vl = 0, (90) 
P„ + G^V U - B^V? = 0, (91) 
d lX » - = 0, (92) 
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where p^ and p° are canonical variables associated with and Va 
respectively. The matrix Q ab is the 0(d,d,R) invariant 

«-(;;)■ <«> 

To split these constraints into first and second class constraints we 
need to redefine them. A consistent redefinition is 

U = \ {^{p, - B, v d a x»f + T{d a x^ + 

(G^Vf - B^vndaX 2 " + (yf)d aX l, (94) 

Hi = p^x" - (V^)d aX l - (G^Vf - B^V^dvX 1 ^ (95) 

X\ = P% (96) 

X 2 p = B w G^pl+p 1 p , (97) 

X% = P» + G^ u Vq - B^V?, (98) 

Xl = Td a x» - Vf, (99) 

where TL and TL\ are first class and Xii^ = 15 2,3,4 are second class. 
The nonzero Dirac brackets are 

-G» v 5{o-a'), (100) 

-TG» v d a 8(a-a'), (101) 

-5»5(<r-a'), (102) 

TB^G Xv d a 5{o-o>), (103) 

T5»d a 5(a-a'), (104) 

and the first class constraints algebra is 

H[6]} = WiKiflrfc - 



{z»,F V)}* = 

{p» 5 xV)}* = 

0v(<7),v V)}* = 

{p M (a),V?V)r = 



{WKi], Wi[6]} = n[CM 2 - (105) 
{Hi [&], Hi [6] } = Hi [6^6 - 6^6] , 

where H[£i] denote the densitized constraint. This algebra is the stan- 
dard algebra of the bosonic string theory |14j . If the metric G^ v and 
the antisymmetric field B^ u depend explicitly on the space-time coor- 
dinates X 11 the complete algebra of constraints close in the same way 
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as when the metric and the antisymmetric field are independent of the 
space-time coordinates, up to second class constraints. 

It is worth noticing that the correction terms added to the first 
class constraints Ti and TCi closes by themselves as the first class alge- 
bra (|1U5|) . That means that they are a representation of the Virasoro 
algebra in twice the number of space time dimensions. In addition 
they have the property of being linear in the momenta. 

To implement the duality transformation as a canonical transfor- 
mation we extend, as in our previous example, the duality transforma- 
tion (|78|) to all phase space variables. The generator for this canonical 
transformation is 

Fx(x,X) = T J dax^d a X^ (106) 

while the rest of the variables transform as the identity map. This 
canonical transformation was constructed in [Zj where the important 
observation that the transformation only works when the metric G^ u 
and the antisymmetric field B^ v are independent of the space-time 
coordinates. If this is not the case the canonical transformation gen- 
erated by (|106j) will be nonlocal. Explicitly, the canonical transforma- 
tion is 

Vf = TU», p° = p;, (107) 

where X^, Ua , P 11 , P^ are the new coordinates and its associated mo- 
menta. 

To construct the dual Dirac bracket the first step is to write down 
the dual constraint surface. The first class sector remains essentially 
unchanged (up to an irrelevant factor of T in the correction terms) 
and the dual second class constraint surface is 

Sj = P°, (108) 

E 2 p = B^G^P^ + P^ (109) 

El = d a X„ + G^Uq ~ B^Uf, (110) 

Z% = P»- TUf. (Ill) 
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The nonzero Dual Dirac brackets are 



{p»,c/ V)}d 

{Ut\a),UZ(a')y D 
{X,(a),P»(a>)Y D 



5»d a 5(a-a'), 



(112) 
(113) 
(114) 



{X„(o),U?(a')}* L 



{X,(o),UZ(a')}* L 



-B^G x »5{a-o'), 



(115) 



(116) 



The implementation of the dual transformation by using the canon- 
ical transformation (jl(J7|) is still non-local. Notice that the canonical 
transformation does not depend explicitly in the space-time metric 
nor in the antisymmetric field B^ u . Nevertheless, when we implement 
the reduction to the space defined by the variables X^,P U the two 
dual sigma models are related by a change in the space time metric 
and the antisymmetric field given by L^ u and M^ v defined in H86|) . 



Based on first order formalism we have found an implementation of 
S-Duality as a canonical transformation in a bigger phase space asso- 
ciated with the first order formulation. The effect of this symmetry 
transformation in the general analysis of the constrained dynamics 
and in particular in the second class sector revel that the Dirac bracket 
and the second class constraints change when we apply the symmetry 
map. The reduction of the action and the symmetry generator pro- 
duces the well know results about canonical non local implementation 
of S-Duality where the first class sector was also solved. 

A different approach to S-duality as a symmetry of the action was 
constructed in |151 116j . The price to pay for the symmetry is that 
the action does not have manifest Lorentz invariance. The analysis 
of linearized gravity |171 1181 119j starting from a first order action can 
also be implemented using the ideas that we have worked here. It is 
also of interest to try to implement the S-duality as a symmetry of the 
action in theories that are not free |2(Jl I21j . In particular to analyze 
these works from the general perspective developed here. 



6 Conclusions 
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